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THE OMEGA LIMIT SET OF A FAMILY OF CHORDS
EDWARD BELBRUNO, URS FRAUENFELDER, OTTO VAN KOERT
Abstract. In this paper we study the limit behavior of a family of chords
on compact energy hypersurfaces of a family of Hamiltonians. Under the
assumption that the energy hypersurfaces are all of contact type, we give
results on the Omega limit set of this family of chords. Roughly speaking,
such a family must either end in a degeneracy, in which case it joins another
family, or can be continued.
This gives a Floer theoretic explanation of the behavior of certain fami-
lies of symmetric periodic orbits in many well-known problems, including the
restricted three-body problem.
1. Introduction
In many well-known dynamical systems, such as the restricted three-body prob-
lem, families of periodic orbits are known to exist. Often existence is proved near
an integrable or otherwise easily understood case. How far the family then extends
is hard to quantify by analytical means, although one can often verify numerically
the existence of such a family for a wide range of parameters. In this paper we
focus our attention on symmetric periodic orbits and more generally chords.
The goal is to provide a Floer-theoretic reason for the behavior of families of
chords. The basic setup consists of a symplectic manifold (M,ω), a smooth 1-
parameter family of autonomous Hamiltonians Hµ and a pair of exact Lagrangians
L0 and L1. We will assume that Σ
−1
µ := H
−1
µ (0) is a compact hypersurface that is
of contact-type.
Suppose that {vµ}µ∈[0,µ∞) is a smooth 1-parameter family of non-degenerate
Reeb chords in Σµ = H
−1
µ (0) connecting L0 and L1. Then one of the following
options must hold
(1) the family extends across µ∞ to a family [0, µ∞ + δ)
(2) vµ∞ exists and is a degenerate Reeb chord. In this case, there is another
family with the same Ω-limit set.
Without the contact condition, the family can cease to exist for other reasons than
degeneracy, for example a blue sky catastrophe can occur, meaning that the period
blows up as µ → µ∞. This happens, for example, on the cotangent bundle of a
genus g surface. On this symplectic manifold we can choose a 1-parameter family
of Hamiltonians with Σµ ∼= ST ∗Sg, where the dynamics change from geodesic flow
into the horocycle flow. The latter has no periodic orbits, showing that the family
can simply stop in such a case without ending up in either option (1) or (2).
To give a detailed and general statement, we introduce the Ω-limit set of a family
of chords. This consists of all limits of the family when a sequence of parameters
µν converges to µ∞. Our first main result is
Theorem A: The Ω-limit set is nonempty, compact and connected.
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We state Theorem A again in Section 5, where we prove it. The proof relies on
the Theorem of Arzela-Ascoli. Because our family of hypersurfaces is compact,
the image of the chords lies in a compact set. The contact condition is used to
prove equicontinuity. For that purpose we interpret chords as critical points of the
Rabinowitz action functional.
Our second main result is
Theorem B: If the Ω-limit set is isolated and the family cannot be extended over
the limit set for µ > µ∞, another family for µ < µ∞ converges to the limit set.
The precise statement of Theorem B together with its proof can be found in Sec-
tion 6. Intuitively the Theorem is rather clear. Because the family cannot be
extended over the Ω-limit set the local Rabinowitz Floer homology of the limit set
vanishes and therefore for µ < µ∞ there has to be a second family which kills the
first one. In our proof we do not actually need the full strength of local Rabinowitz
Floer homology but use a homotopy of homotopies argument for gradient flow lines.
This is technically easier because it does not involve gluing.
Similar results for periodic orbits instead of chords should hold true. The ad-
vantage for chords is that if one interprets them as critical points of the Rabinowitz
action functional they are generically Morse critical points. This never happens for
periodic orbits because as critical points of the Rabinowitz action functional they
are parametrized and by reparametrizing them one gets different critical points of
the Rabinowitz action functional. In particular, critical points are never isolated.
One can interpret reparametrization as a circle action on the free loop space and
in the periodic orbit case the Rabinowitz action functional is invariant under this
circle action. Therefore it is generically Morse-Bott and its critical points arise in
circle families. It should be interesting to consider the local equivariant Rabinowitz
Floer homology of an Ω-limit set of a family of periodic orbits to understand what
happens if the family cannot be extended over the limit set.
To conclude the introduction, let us point out that many classical dynamical
systems have been proved to be of contact-type. For example, regular energy levels
of all mechanical Hamiltonians as well as regularized energy hypersurfaces of the
planar and spatial restricted three-body problem in a large range of energy values,
see [2, 4], are of contact-type. Mechanical Hamiltonians with compact energy hy-
persurfaces include the He´non-Heiles Hamiltonian, see [10] for a discussion of some
of its properties related to convexity, which is stronger than the contact condition.
The results of this paper hence apply to these systems. We have included nu-
merics illustrating some of these phenomena of families in the restricted three-body
problem in Figure 1. Results of this paper were previously announced and applied
to the spatial restricted three-body problem in our earlier paper [3] on polar orbits
in the lunar problem.
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2. Chords
Suppose that (M,λ) is an exact symplectic manifold, i.e., λ ∈ Ω1(M) is a one-
form such that
ω = dλ
is a symplectic form. Assume also that L0, L1 ⊂ M are two exact Lagrangian
submanifolds in the sense that they are Lagrangian submanifolds of (M,ω) with
the additional property that
λ|Li = 0
for i ∈ {0, 1}. Furthermore, we are given a smooth function
H : M → R,
referred to as the Hamiltonian, with the property that 0 is a regular value of H so
that its level set
Σ = H−1(0)
is a smooth hypersurface in M . We assume further that
Σ t Li, i ∈ 0, 1,
i.e. Σ intersects Li transversally in the sense that if x ∈ Σ ∩ Li then
TxM = TxΣ + TxLi.
In particular, this implies that
Li := Li ∩ Σ, i ∈ {0, 1}
are smooth submanifolds of Σ. If the dimension of M is 2n, then the dimension of
Σ is 2n− 1 and the dimension of each Li is n− 1. The Hamiltonian vector field of
H is implicitly defined by the condition
dH = ω(·, XH).
Note that by antisymmetry of the symplectic form we get
dH(XH) = ω(XH , XH) = 0
so that XH is tangent to the energy hypersurface Σ. In particular, Σ is invariant
under the flow of XH . If one thinks of H as energy then this means that energy is
preserved.
Lemma 2.1. The Hamiltonian vector field XH is never tangent to Li for i ∈ {0, 1}.
Proof. This is a consequence of the assumption that Li is transverse to Σ. Indeed,
suppose that x ∈ Li. Because the symplectic form is non-degenerate there exists
η ∈ TxM such that
ω(XH , η) 6= 0.
Since Li is transverse to Σ we can decompose
η = η0 + η1, η0 ∈ TxLi, η1 ∈ TxΣ.
Hence
0 6= ω(XH , η) = ω(XH , η0) + ω(XH , η1) = ω(XH , η0) + dH(η1) = ω(XH , η0).
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Here we have used for the last equation that η1 is tangent to the level set of H.
Since η0 is a tangent vector of the Lagrangian, it follows from the definition of a
Lagrangian subspace that
XH /∈ TxLi.
In particular, XH is never tangent to Li. This finishes the proof of the lemma. 
Definition 2.2. A chord (v, τ) ∈ C∞([0, 1],Σ)×(0,∞) from L0 to L1 is a solution
of the problem {
∂tv(t) = τXH(v(t)), t ∈ [0, 1],
v(i) ∈ Li, i ∈ {0, 1}.
If we reparametrize a chord (v, τ) to
vτ (t) := v
(
t
τ
)
, t ∈ [0, τ ]
then vτ ∈ C∞([0, τ ],Σ) is a solution of the problem ∂tvτ (t) = XH(vτ (t)), t ∈ [0, τ ],vτ (0) ∈ L0,
vτ (τ) ∈ L1.
In view of this reparametrization we refer to τ as the period of the chord.
We abbreviate by φtH the flow of the Hamiltonian vector field XH , i.e.
φ0H = id|M ,
d
dt
φtH(x) = XH(φ
t
H(x)), x ∈M.
If we set
Φ: L0 × (0,∞)→ Σ, (x, τ) 7→ φτH(x)
then the map
(v, τ) 7→ (v(0), τ)
gives a one to one correspondence between the set of chords and the set Φ−1(L1).
In the following definition we use this identification.
Definition 2.3. A chord (v, τ) is called non-degenerate if Φ is transverse to L1 at
(v, τ), i.e.,
dΦ(v, τ)T(v,τ)(L0 × (0,∞))⊕ TΦ(v,τ)L1 = TΦ(v,τ)Σ.
Otherwise, the chord is called degenerate.
In view of Lemma 2.1 we get the following equivalent characterization of a non-
degenerate chord.
Lemma 2.4. A chord (v, τ) is non-degenerate if and only if
dφτ (v(0))Tv(0)L0 ∩ Tv(1)L1 = {0}.
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3. Rabinowitz action functional
We will see that chords can be detected variationally as critical points of the
Rabinowitz action functional. For periodic orbits this functional was first considered
in [9], Equation 2.7, and a Floer theory for this functional was developed in [5].
Extensions to the chord case can be found in [7, 8]. Some of the arguments that
will be used here were earlier explored in [1].
Abbreviate by
P = {v ∈ C∞([0, 1],M) : v(i) ∈ Li, i ∈ {0, 1}}
the space of paths in M connecting L0 with L1. The Rabinowitz action functional
AH : P × (0,∞)→ R
at a point (v, τ) ∈ P × (0,∞) is given by
AH(v, τ) =
∫ 1
0
v∗λ− τ
∫ 1
0
H(v(t))dt.
The first term is just the area functional. One might think of τ as a Lagrange
multiplier. Then the critical points of the Rabinowitz action functional correspond
to critical points of the area functional subject to the constraint that the mean
value of the Hamiltonian H has to vanish.
Proposition 3.1. Critical points of AH correspond to chords.
Proof. For v ∈ P, the tangent space of P at v
TvP =
{
v̂ ∈ Γ(v∗TM) : v̂(i) ∈ Tv(i)Li, i ∈ {0, 1}
}
consists of vector fields along v starting and ending in the corresponding La-
grangians. We first consider the differential of the area functional
A0 : P → R, v 7→
∫ 1
0
v∗λ.
If v̂ ∈ TvP and Lv̂ denotes the Lie derivative in the direction of v̂, then we can
compute using Cartan’s formula
dA0(v)v̂ =
∫ 1
0
v∗Lv̂λ
=
∫ 1
0
v∗dιv̂λ+
∫ 1
0
v∗ιvˆdλ
=
∫ 1
0
dv∗ιv̂λ+
∫ 1
0
v∗ιvˆω
= λ(v(1))v̂(1)− λ(v(0))v̂(0) +
∫ 1
0
ω(v̂, ∂tv)dt
=
∫ 1
0
ω(v̂, ∂tv)dt.
Here we have used in the fourth equality Stokes’ theorem and in the last equality
we have taken advantage of the assumption that λ vanishes on L0 and L1. Using
this formula we are now in position to compute the differential of the Rabinowitz
action functional. At a point (v, τ) ∈ P × (0,∞) and a tangent vector
(v̂, τ̂) ∈ T(v,τ)
(P × (0,∞)) = TvP × R
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we get
dAH(v, τ)(v̂, τ̂) = dA0(v)v̂ − τ
∫ 1
0
dH(v)v̂dt− τ̂
∫ 1
0
H(v)dt(1)
=
∫ 1
0
ω
(
v̂, ∂tv − τXH(v)
)
dt− τ̂
∫ 1
0
H(v)dt.
At a critical point (v, τ) of the Rabinowitz action functional this expression has to
vanish for all (v̂, τ̂) ∈ TvP × R implying that (v, τ) solves{
∂tv(t) = τXH(v(t)), t ∈ [0, 1],∫ 1
0
H(v)dt = 0.
Because the Hamiltonian vector field is tangent to the level sets of the Hamiltonian
we obtain from the first equation that H(v) is constant. Hence the mean value
constraint in the second equation is actually equivalent to a pointwise constraint
and the equation above can be equivalently written as{
∂tv(t) = τXH(v(t)), t ∈ [0, 1],
H(v(t)) = 0, t ∈ [0, 1].
But this is precisely the equation of a chord. This finishes the proof of the propo-
sition. 
Remark 3.2. Under the identification of chords with critical points of the Rabi-
nowitz action functional, the non-degeneracy condition of a chord can be thought of
as a Morse condition for the critical point.
4. The contact condition
On the exact symplectic manifold (M,ω = dλ) the Liouville vector field Y is
defined implicitly by the condition
λ = ω(Y, ·).
We now assume the following contact condition on Σ
dH|Σ(Y ) > 0.
This implies that
Y t Σ,
i.e., the Liouville vector field is transverse to the energy hypersurface Σ and the
restriction of the one-form λ to Σ is a contact form. Under this assumption we can
define the Reeb vector field on Σ uniquely by the requirement
λ(R) = ω(Y,R) = 1, ω(R, ξ) = 0, ξ ∈ TΣ.
Note that the restriction of the Hamiltonian vector field to Σ is positively parallel
to the Reeb vector field. Indeed, if we define
f : Σ→ (0,∞), x 7→ dH(Y )(x)
it follows that
ω(Y,XH)|Σ = dH(Y )|Σ = f
which together with
0 = dH(ξ) = ω(ξ,XH) = −ω(XH , ξ), ξ ∈ TΣ
THE OMEGA LIMIT SET OF A FAMILY OF CHORDS 7
implies that for every x ∈ Σ it holds that
XH(x) = f(x)R(x).
We suppose further that Σ is compact. As a consequence there exists κ ≥ 1 such
that
(2)
1
κ
≤ f(x) ≤ κ, x ∈ Σ.
Lemma 4.1. Under the above assumptions, if (v, τ) is a chord, then its action can
be estimated by the period as
τ
κ
≤ AH(v, τ) ≤ κτ.
Proof. We compute
AH(v, τ) = A0(v) =
∫ 1
0
λ(τXH(v(t))dt = τ
∫ 1
0
f(v(t))dt.
The estimate now follows in view of (2). 
5. The Omega limit set
We now suppose that we have a one-parameter family of Hamiltonian functions,
namely a smooth function H : M × [0, 1]→ R. For µ ∈ [0, 1] we abbreviate
Hµ := H(·, µ) ∈ C∞(M).
Suppose that 0 is a regular value of Hµ for every µ ∈ [0, 1] and H−1(0) is compact.
This implies that the level sets
Σµ := H
−1
µ (0)
build a smooth family of compact hypersurfaces in M and in particular all Σµ are
diffeomorphic to each other. If Y is the Liouville vector field on M we assume that
dHµ|Σµ(Y ) > 0
so that for every µ ∈ [0, 1] the energy hypersurface Σµ satisfies the contact condi-
tion. If Rµ ∈ Γ(TΣµ) denotes the Reeb vector field on Σµ, then with the smooth
function
f : H−1(0)→ (0,∞), (x, µ) 7→ dHµ(Y )(x)
it holds for every µ ∈ [0, 1] and for every x ∈ Σµ that
XHµ(x) = f(x, µ)Rµ(x).
Abbreviate
H ′µ :=
∂H(·, µ)
∂µ
∈ C∞(M).
By compactness there exists κ ≥ 1 with the property that
(3)
1
κ
≤ f(x, µ) ≤ κ, |H ′µ(x)| ≤ κ, (x, µ) ∈ H−1(0).
Suppose that (v0, τ0) is a non-degenerate chord on Σ0. Due to the assumption
that the chord is non-degenerate, there exists by the implicit function theorem
µ∞ = µ∞(v0, τ0) ∈ (0, 1] with the property that there exist smooth maps
v : [0, 1]× [0, µ∞)→M, τ : [0, µ∞)→ (0,∞)
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with the property that (v(0), τ(0)) = (v0, τ0) and for each µ ∈ [0, µ∞) the tuple
(vµ, τµ) := (v(·, µ), τ(µ)) ∈ C∞([0, 1],M)× (0,∞)
is a non-degenerate chord on Σµ. We assume that µ∞ is maximal with this property.
Proposition 5.1. There exist constants 0 < c0 < c1 <∞ such that
c0 ≤ τµ ≤ c1, µ ∈ [0, µ∞).
Proof. The method of proof is very similar to the argument in [6], Theorem 7.6.1,
used to preclude blue sky catastrophes. By Proposition 3.1 for every µ ∈ [0, µ∞)
we can interpret the chord (vµ, τµ) as a critical point of the Rabinowitz action
functional AHµ . Differentiating the action along the family of critical points we
obtain
d
dµ
AHµ(vµ, τµ) = AH′µ(vµ, τµ) = −τµ
∫ 1
0
H ′µ(vµ)dt.
In view of Lemma 4.1 and the inequalities (3) we estimate from this
(4)
1
κ2
AHµ(vµ, τµ) ≤
∣∣∣∣ ddµAHµ(vµ, τµ)
∣∣∣∣ ≤ κ2AHµ(vµ, τµ).
Integrating this inequality we obtain the inequality
e−κ
2µAH0(v0, τ0) ≤ AHµ(vµ, τµ) ≤ eκ2µAH0(v0, τ0).
Using once more Lemma 4.1 we obtain from that the estimate
e−κ
2µ
κ
τ0 ≤ τµ ≤ κeκ2µτ0.
In particular, τµ is uniformly bounded from above and below by
e−κ
2
κ
τ0 ≤ τµ ≤ κeκ2τ0.
This finishes the proof of the proposition. 
Let
Ω = Ω(v0, τ0) ⊂ P × (0,∞)
be the Omega limit set of the family of chords (v, τ) consisting of all (w, σ) ∈
P × (0,∞) for which there exists a sequence µν ∈ [0, µ∞) for ν ∈ N such that
lim
ν→∞µν = µ∞, limν→∞(vµν , τµν ) = (w, σ).
Here it suffices to require that the second limit is in the C0-topology, since by
bootstrapping the equation of a chord we automatically get that the limit is actually
in the C∞-topology and in particular, the Omega limit set consists of chords on
Σµ∞ .
Theorem 5.2. The Omega limit set Ω is nonempty, compact and connected. More-
over, the Rabinowitz action functional AHµ∞ is constant on Ω. If µ∞ < 1, then all
chords in Ω are degenerate. If µ∞ = 1 and Ω consists of more than just one chord,
then again all chords in Ω are degenerate.
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Proof. Suppose that µν ∈ [0, µ∞) is a sequence converging to µ∞. By Proposi-
tion 5.1 the periods τµν are uniformly bounded from above as well as uniformly
bounded from below away from zero. By the chord equation the sequence vµν is
equicontinuous so that in view of the assumption that H−1(0) is compact we ob-
tain by the Theorem of Arzela-Ascoli a convergent subsequence of (vµν , τµν ). In
particular, Ω is not empty.
We next show that Ω is compact. Because the path space is metrizable, it suffices
to show that Ω is sequentially compact. Assume that
xν = (wν , σν)
is a sequence in Ω. By definition of Ω for each ν ∈ N there exists a sequence µνk
converging to µ∞ as k goes to infinity such that the sequence
yνk := (vµνk , τµνk)
converges to xν as k goes to infinity. Choose a metric on P × (0,∞) which induces
the topology. We put k1 = 1 and inductively define for ν ∈ N
kν+1 := min
{
k : µ∞ − µν+1k ≤
µ∞ − µνkν
2
, d(yν+1k , xν+1) ≤
1
ν + 1
}
.
We set
µν := µ
ν
kν .
From the construction of kν we infer that the sequence µν converges to µ∞ as ν
goes to infinity. By the argument in the first paragraph of this proof it follows that
there exists a subsequence νj and a chord x = (w, σ) ∈ Ω such that
lim
j→∞
(vµνj , τµνj ) = x.
In order to prove compactness it suffices now to show that
lim
j→∞
xνj = x.
Noting that
y
νj
kνj
= (vµνj , τµνj )
we choose for  > 0 a positive integer j0 = j0() satisfying
νj0 ≥
2

, d
(
y
νj
kνj
, x
) ≤ 
2
, ∀ j ≥ j0.
For j ≥ j0 we get the estimate
d(xνj , x) ≤ d
(
xνj , y
νj
kνj
)
+ d
(
y
νj
kνj
, x
) ≤ 1
νj
+

2
≤ 1
νj0
+

2
= .
We have proved that Ω is compact.
The goal of this paragraph is to show that Ω is connected. We argue by con-
tradiction and assume that Ω is not connected. This means that Ω can be written
as
Ω = Ω1 ∪ Ω2
where both Ω1 and Ω2 are nonempty, closed and open subsets of Ω which are disjoint
from each other, i.e.,
Ω1 ∩ Ω2 = ∅.
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As we have already proved that Ω is compact, the sets Ω1 and Ω2 are compact as
well. This allows us to find disjoint open neighborhoods of Ω1 and Ω2, i.e., open
subsets U1 and U2 in P × (0,∞) satisfying
U1 ∩ U2 = ∅, Ω1 ⊂ U1, Ω2 ⊂ U2.
Choose
x1 = (w1, σ1) ∈ Ω1, x2 = (w2, σ2) ∈ Ω2.
Because both sets Ω1 and Ω2 are nonempty this is possible. Moreover, by con-
struction of Ω there exist sequences µ1k and µ
2
k in [0, µ∞) converging to µ∞ such
that
lim
k→∞
(vµik , τµik) = xi, i ∈ {1, 2}.
We put k1 = 1 and inductively define for ν ∈ N
kν+1 :=
{
min
{
k : µ2k > µ
1
kν
}
ν odd
min
{
k : µ1k > µ
2
kν
}
ν even.
By construction the sequence µkν converges to µ∞. For ν large enough the path
[µkν , µkν+1 ]→ P × (0,∞), µ 7→ (vµ, τµ)
has the property that one of the endpoints of this path lies in U1, whereas the other
is contained in U2. Since U1 and U2 are disjoint, this allows us to find
µν ∈ [µkν , µkν+1 ]
meeting the requirement that
yν := (vµν , τµν ) ∈
(P × (0,∞)) \ (U1 ∪ U2).
By construction the sequence µν converges to µ∞ as ν goes to infinity. Therefore
by the first paragraph of this proof we conclude that there exists a subsequence νj
and
x ∈ Ω
such that
lim
j→∞
yνj = x.
However, U1 and U2 were assumed to be open and therefore their complement is
closed so that
y ∈ (P × (0,∞)) \ (U1 ∩ U2) ⊂ (P × (0,∞)) \ (Ω1 ∩ Ω2) ⊂ (P × (0,∞)) \ Ω
This is a contradiction and therefore Ω has to be connected.
We next show that the Rabinowitz action functional AHµ∞ is constant on Ω. By
integrating (4) we obtain for every 0 ≤ µ1 < µ2 < µ∞ the inequality
e−κ
2(µ2−µ1)AHµ1 (vµ1 , τµ1) ≤ AHµ2 (vµ2 , τµ2) ≤ eκ
2(µ2−µ1)AHµ1 (vµ1 , τµ1)
from which the desired conclusion follows.
Finally if there is a non-degenerate chord in Ω, then in view of the fact that Ω is
connected, as proved above, it follows from the implicit function theorem, that Ω
just consists of one single chord and the family (v, τ) can be extended to µ > µ∞
unless µ∞ = 1. This completes the proof of the theorem. 
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6. Gradient flow lines
We assume that the same set-up as in Section 5 holds. We denote by Cµ ⊂
P × (0,∞) the set of all chords on Σµ for µ ∈ [0, 1] or equivalently
Cµ = critAHµ
the set of critical points of the Rabinowitz action functional. We suppose that the
following hypotheses hold true
(i): The Omega limit set Ω is isolated in the set of chords on Σµ∞ , i.e., there
exists an open set U ⊂ P × (0,∞) such that
U ∩ Cµ∞ = Ω.
(ii): The family of chords (v, τ) does not extend to 1, i.e.,
µ∞ < 1
and there exists a sequence µν ∈ (µ∞, 1] converging to µ∞ with the property
that on Σµν there are no chords in U , i.e.,
Cµν ∩ U = ∅, ν ∈ N.
Theorem 6.1. Under the assumptions above there exists δ > 0 with the property
that for all µ ∈ (µ∞ − δ, µ∞) there are on Σµ at least two chords in U , i.e.,
#(Cµ ∩ U) ≥ 2.
By definition of the Omega limit set we already know that for µ ∈ [0, µ∞) close
enough to µ∞ the chord (vµ, τµ) belongs to Cµ ∩ U . The theorem guarantees that
there is a second chord on Σµ for U . This is clear intuitively by looking at the local
Rabinowitz Floer homology for the isolated critical set Ω. By hypothesis (ii), the
local Rabinowitz Floer homology is trivial. Now if (vµ, τµ) were the only chord on
Σµ for U , then the local Rabinowitz Floer homology is a one-dimensional vector
space generated by (vµ, τµ), because (vµ, τµ) is by definition non-degenerate. From
this contradiction we see that there have to be at least two elements in Cµ ∩ U .
In the following we give a more elementary argument to prove Theorem 6.1 which
does not use the full strength of local Rabinowitz Floer homology. In particular, it
does not require any gluing construction, but is based on Floer’s stretching method
for time dependent gradient flow lines.
As preparation for the proof of Theorem 6.1 we choose an ω-compatible almost
complex structure J on M , meaning that
g = ω(·, J ·)
is a Riemannian metric on M . We use the Riemannian metric g to define a metric
on each connected component of P as follows. If w0, w1 ∈ P let
Pw0,w1 ⊂ C∞([0, 1], [0, 1],M)
be the subspace consisting of all w ∈ C∞([0, 1], [0, 1],M) satisfying the boundary
conditions
w(0, ·) = w0, w(1, ·) = w1, w(0, s) ∈ L0, w(1, s) ∈ L1, s ∈ [0, 1],
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Figure 1. Two families of symmetric periodic orbits in RTBP for
µ = 10−3. The family parameter is the Jacobi energy c. On the
vertical axis, the starting point of the chord, parametrized by the
x-axis. The lower family is non-degenerate in the entire parameter
range. The upper family becomes degenerate.
i.e., Pw0,w1 consists of all paths in the pathspace P connecting w0 and w1. If
Pw0,w1 6= ∅, i.e., w0 and w1 lie in the same connected component of P, we define
dP(w0, w1) := inf
w∈Pw0,w1
∫ 1
0
√∫ 1
0
|∂sw(s, t)|2dtds = inf
w∈Pw0,w1
∫ 1
0
||∂sw(s, ·)||2ds,
where the norm | · | = | · |g on TM is taken with respect to the metric g and || · ||2
is the L2-norm on TP induced from | · |g. This defines a metric on each connected
component of P. We endow each connected component of P × (0,∞) with the
product metric
d
(
(w0, σ0), (w1, σ1)
)
= dP(w0, w1) + |σ1 − σ0|.
For ρ > 0 we define the ρ-ball around Ω as
Bρ(Ω) :=
{
y ∈ P × (0,∞) : d(y,Ω) < ρ}.
Lemma 6.2. There exists ρ > 0 with the property that
Bρ(Ω) ∩ Cµ∞ = Ω,
i.e., the only chords contained in the ρ-ball around Ω are the ones contained in Ω.
Proof. We argue by contradiction and assume that there exists a sequence ρν > 0
converging to 0 with the property that there exists a chord
yν = (wν , σν) ∈ Bρν (Ω)
not contained in Ω. Because Ω is compact, it follows that the sequence σν is
uniformly bounded. By the chord equation we conclude that the sequence wν is
equicontinuous. Hence by the theorem of Arzela-Ascoli there exists a chord
y = (w, σ) ∈ Ω
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and a subsequence νj such that
lim
j→∞
yνj = y.
Again by the chord equation we conclude that for j large enough yνj ∈ U . This
contradicts hypothesis (i) and the lemma follows. 
Note that the equation of a chord on Σµ = H
−1
µ (0) only depends on the deriva-
tives of H on Σµ; the behavior of H on the rest of the symplectic manifold M is
irrelevant for the chord equation. Hence after maybe throwing away some part of M
and maybe after replacing the interval [0, 1] by a closed subinterval we can assume
without loss of generality that there exists a constant c > 0 with the properties
that
(5) |XHµ(x)| ≤ c, |H ′µ(x)| ≤ c, |XH′µ(x)| ≤ c, x ∈M
where we have taken the norm of the tangent vector |XH(x)| with respect to the
metric g and moreover,
H−1
([− 1c , 1c ]) ⊂M × [0, 1]
is compact. Hence by Lemma 6.2 we can choose ρ0 > 0 with the following proper-
ties.
(a): Bρ0(Ω) ∩ Cµ∞ = Ω,
(b): For every y = (w, σ) ∈ Bρ0(Ω) there exists τ0 ∈ [0, 1] such that
|Hµ∞(w(τ0))| ≤ 12c ,
(c): ρ0 ≤ 12 min
{
σ : (w, σ) ∈ Ω}.
We next introduce the gradient of the Rabinowitz action functional. In order to
do that we first need a Riemannian metric on T
(P × (0,∞)). Let y = (w, σ) ∈
P × (0,∞) and
ŷ1 = (ŵ1, σ̂1), ŷ2 = (ŵ2, σ̂2) ∈ Ty
(P × (0,∞)) = TwP × R.
Define
〈ŷ1, ŷ2〉 :=
∫ 1
0
g
(
ŵ1(t), ŵ2(t)
)
dt+ σ̂1 · σ̂2 =
∫ 1
0
ω
(
ŵ1(t), J(w(t))ŵ2(t)
)
dt+ σ̂1 · σ̂2.
Note that the Riemannian metric 〈·, ·〉 on T (P × (0,∞)) induces up to equivalence
the metric d on P × (0,∞).
For any Hamiltonian H ∈ C∞(M,R) the gradient of the Rabinowitz action
functional ∇AH with respect to the metric 〈·, ·〉 at a point y = (w, σ) ∈ P × (0,∞)
is implicitly defined by the condition
dAH(y)ŷ = 〈∇AH(y), ŷ〉, ∀ ŷ = (ŵ, σ̂) ∈ Ty(P × (0,∞)).
From (1) we infer that
dAH(y)ŷ =
∫ 1
0
ω
(
ŵ, ∂tw − σXH(w)
)− σ̂ ∫ 1
0
H(w)dt
= −
∫ 1
0
g
(
ŵ, J(w)(∂tw − σXH(w)
)− σ̂ ∫ 1
0
H(w)dt.
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Hence with respect to the splitting Ty
(P × (0,∞)) = TwP ×R the gradient of the
Rabinowitz action functional becomes
∇AH(y) = −
(
J(w)(∂tw − σXH(w))∫ 1
0
H(w)dt
)
.
We abbreviate by
Aρ0(Ω) := B2ρ0/3(Ω) \Bρ0/3(Ω) =
{
y ∈ P × (0,∞) : ρ0/3 ≤ d(y,Ω) ≤ 2ρ0/3
}
.
Using this notion we are now in position to state our next lemma.
Lemma 6.3. There exists  > 0 such that
||∇AHµ∞ (y)|| ≥ , ∀ y ∈ Aρ0(Ω)
where the norm || · || is taken with respect to the metric 〈·, ·〉.
Proof. We argue by contradiction and assume that there exists a sequence
yν = (wν , σν) ∈ Aρ0(Ω)
with the property that
||∇AHµ∞ (yν)|| ≤ 1ν , ν ∈ N.
To derive a contradiction we first show the following Claim.
Claim 1: There exists ν0 ∈ N with the property that for every ν ≥ ν0 the im-
age of the path wν is completely contained in the compact subset H
−1
µ∞([−1/c, 1/c])
of M .
In order to prove the Claim we first observe that since H−1µ∞([−1/c, 1/c]) ⊂ M
is compact there exists κ > 0 with the property that
|∇Hµ∞(x)| ≤ κ, x ∈ H−1µ∞([−1/c, 1/c]).
Here the gradient and the norm are taken with respect to the Riemannian metric
g on TM . By property (b) in the choice of ρ0 we know that there exists τ0 ∈ [0, 1]
with the property that
|Hµ∞(wν(τ0))| ≤ 12c .
Now suppose that the path wν is not contained entirely in the set H
−1
µ∞([−1/c, 1/c]).
This means that there exists τ1 ∈ [0, 1] with the property that
|Hµ∞(wν(τ1))| ≥ 1c .
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We estimate
1
2c
≤ ∣∣Hµ∞(wν(τ1))−Hµ∞(wν(τ0))∣∣
=
∣∣∣∣ ∫ τ1
τ0
d
dt
Hµ∞(wν(t))dt
∣∣∣∣
=
∣∣∣∣ ∫ τ1
τ0
dHµ∞(wν(t))∂twν(t)dt
∣∣∣∣
=
∣∣∣∣ ∫ τ1
τ0
dHµ∞(wν(t))
(
∂twν(t)− σνXHµ∞ (wν(t))
)
dt
∣∣∣∣
=
∣∣∣∣ ∫ τ1
τ0
g
(∇Hµ∞(wν(t)), ∂twν(t)− σνXHµ∞ (wν(t)))dt∣∣∣∣
≤
∫ τ1
τ0
∣∣∇Hµ∞(wν(t))∣∣ · ∣∣∂twν(t)− σνXHµ∞ (wν(t))∣∣dt
≤ κ
∫ τ1
τ0
∣∣∂twν(t)− σνXHµ∞ (wν(t))∣∣dt
≤ κ∣∣∣∣∂twν(t)− σνXHµ∞ (wν(t))∣∣∣∣1
≤ κ∣∣∣∣∂twν(t)− σνXHµ∞ (wν(t))∣∣∣∣2
≤ κ||∇AHµ∞ (yν)||
≤ κ
ν
.
In view of this estimate the assertion of Claim 1 follows by choosing
ν0 ≥ 2κc.
Claim 2: The sequence wν is equicontinuous.
Let ν0 ∈ N be as in Claim 1. It suffices to check equicontinuity for ν ≥ ν0. Note
that in view of Claim 1 it follows that
|XHµ∞ (wν(t))| = |∇Hµ∞(wν(t))| ≤ κ, t ∈ [0, 1].
Note further that
(6) σν ≤ max
{
σ : (w, σ) ∈ Ω}+ 2ρ0
3
=: κ1.
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Given 0 ≤ t0 < t1 ≤ 1 we estimate
|wν(t1)− wν(t0)| ≤
∫ t1
t0
|∂twν(t)|dt
≤
∫ t1
t0
|∂twν(t)− σνXHµ∞ (wν(t))|dt
+
∫ t1
t0
|σνXHµ∞ (wν(t))|dt
≤ √t1 − t0
√∫ t1
t0
|∂twν(t)− σνXHµ∞ (wν(t))|2dt
+(t1 − t0)κ1κ
≤ √t1 − t0
∣∣∣∣∂twν(t)− σνXHµ∞ (wν(t))∣∣∣∣2 + (t1 − t0)κ1κ
≤ √t1 − t0
∣∣∣∣∇AHµ∞ (yν∣∣∣∣+ (t1 − t0)κ1κ
≤
√
t1 − t0
ν
+ (t1 − t0)κ1κ
≤
√
t1 − t0
ν0
+ (t1 − t0)κ1κ.
This proves that the sequence wν is equicontinuous and establishes the truth of
Claim 2.
Claim 1 and Claim 2 together with the uniform bound in (6) allow us to apply
the Theorem of Arzela-Ascoli. That means that there exists a subsequence νj and
y ∈ Aρ0(Ω)
such that
lim
j→∞
yνj = y.
In particular,
∇AHµ∞ (y) = 0
or equivalently
dAHµ∞ (y) = 0.
Hence y is a critical point of the Rabinowitz action functional and therefore by
Proposition 3.1 it follows that y is a chord lying in
Aρ0(Ω) ⊂ Bρ0(Ω) \ Ω.
This contradicts Lemma 6.2. The proof is complete. 
Because by (5) the quantities |H ′µ| and |XH′µ | are uniformly bounded, we obtain
the following result.
Lemma 6.4. Let  be as in Lemma 6.3. Then there exists δ0 > 0 with the property
that
||∇AHµ(y)|| ≥ 
2
, µ ∈ [µ∞ − δ0, µ∞ + δ0], y ∈ Aρ0(Ω).
We next introduce moduli spaces of gradient flow lines of time dependent Rabi-
nowitz action functionals. Choose a cutoff function
β ∈ C∞(R, [0, 1])
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satisfying
β′(s) ≥ 0, s ≤ 0, β′(s) ≤ 0, s ≥ 0, β(s) = 0, |s| ≥ T
for some T = T (β) > 0. For
0 ≤ µ0 < µ∞ < µ1 ≤ 1
such that µ0 is close enough to µ∞ in the sense that
(vµ0 , τµ0) ∈ Bρ0(Ω)
we introduce the time dependent family of Rabinowitz action functionals
Aβ,µ0,µ1 : P × (0,∞)× R→ R, (y, s) 7→ AHµ0+β(s)(µ1−µ0)(y).
We introduce the moduli space of gradient flow lines of Aβ,µ0,µ1 contained in Bρ0(Ω)
doubly asymptotic to the chord (vµ0 , τµ0), i.e.,
M(β, µ0, µ1) ⊂ C∞
(
R, Bρ0(Ω)
)
consists of all y : R→ Bρ0(Ω) satisfying
∂sy(s) +∇Aβ,µ0,µ1
(
y(s), s
)
= 0, lim
s→±∞ y(s) = (vµ0 , τµ0).
Proposition 6.5. There exists δ1 > 0 with the following property. If
µ∞ − δ1 ≤ µ0 < µ∞ < µ1 < µ∞ + δ1
and y ∈M(β, µ0, µ1) then
d
(
y(s),Ω
) ≤ 2ρ0
3
, s ∈ R.
Proof. Let y = (w, σ) ∈ M(β, µ0, µ1). We estimate the energy of y. For that
purpose we abbreviate byA′β,µ0,µ1 the derivative with respect to the second variable.
We further introduce the constant
κ := max{r : (u, r) ∈ Ω}+ ρ0.
Note that
σ(s) ≤ κ, ∀ s ∈ R.
Using that y is doubly asymptotic to the same critical point of the Rabinowitz
action functional AHµ0 we obtain
0 = lim
s→∞Aβ,µ0,µ1
(
y(s), s
)− lim
s→−∞Aβ,µ0,µ1
(
y(s), s
)
=
∫ ∞
−∞
d
ds
Aβ,µ0,µ1
(
y(s), s
)
ds
=
∫ ∞
−∞
A′β,µ0,µ1
(
y(s), s
)
ds+
∫ ∞
−∞
dAβ,µ0,µ1
(
y(s), s
)
∂sy(s)ds
= (µ0 − µ1)
∫ T
−T
σ(s)β′(s)H ′µ0+β(s)(µ1−µ0)(w(s))ds
−
∫ ∞
−∞
∣∣∣∣∇Aβ,µ0,µ1(y(s), s)∣∣∣∣2ds.
This gives the inequality∫ ∞
−∞
∣∣∣∣∇Aβ,µ0,µ1(y(s), s)∣∣∣∣2ds ≤ (µ1 − µ0)κc∫ T
−T
|β′(s)|ds(7)
≤ 2(µ1 − µ0)κc.
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Assume that δ1 ≤ δ0 where δ0 is as in Lemma 6.4 and where δ1 is so small such
that for every µ ∈ [µ∞ − δ1, µ∞) it holds that
(vµ, τµ) ∈ Bρ0/3(Ω).
Choose µ1 ∈ [µ∞, µ∞ + δ1) and suppose that y ∈ M(β, µ0, µ1) which has the
property that y is not contained for all times in the closed ball of radius 2ρ0/3
around Ω. In view of the asymptotic behavior of y this implies that there exist
s0 < s1 satisfying
d
(
y(s0),Ω
)
=
ρ0
3
, d
(
y(s1
)
,Ω) =
2ρ0
3
,
ρ0
3
≤ d(y(s),Ω) ≤ 2ρ0
3
, s ∈ [s0, s1].
We estimate using Lemma 6.4∫ ∞
−∞
∣∣∣∣∇Aβ,µ0,µ1(y(s), s)∣∣∣∣2ds ≥ ∫ s1
s0
∣∣∣∣∇Aβ,µ0,µ1(y(s), s)∣∣∣∣2ds(8)
≥ 
2
∫ s1
s0
∣∣∣∣∇Aβ,µ0,µ1(y(s), s)∣∣∣∣ds
=

2
∫ s1
s0
∣∣∣∣∂sy(s)∣∣∣∣ds
≥ 
2
d
(
y(s1), y(s0)
)
≥ ρ0
6
.
Combining the inequalities (7) and (8) we obtain the inequality
ρ0
6
≤ 2(µ1 − µ0)κc ≤ 4δ1κc.
Hence by choosing
δ1 <
ρ0
24κc
this inequality cannot be true anymore and therefore y has to stay in the closed
2ρ0/3-ball around Ω. This finishes the proof of the proposition. 
Given a cutoff function β and 0 ≤ µ0 < µ∞ < µ1 ≤ 1 we introduce the following
subset of
M0(β, µ0, µ1) ⊂M(β, µ0, µ1)
consisting of all y = (w, σ) ∈M(β, µ0, µ1) satisfying
|Hµ0+β(s)(µ1−µ0)(w(s, t))| <
1
c
, ∀ s ∈ R, t ∈ [0, 1].
Proposition 6.6. Assume that yν = (wν , σν) is a sequence inM0(β, µ0, µ1). Then
there exists a subsequence νj and a gradient flow line y of the time-dependent Ra-
binowitz action functional Aβ,µ0,µ1 , i.e., a solution of
∂sy(s) +∇Aβ,µ0,µ1
(
y(s), s
)
, s ∈ R
such that yνj converges in the C
∞
loc
(
R× [0, 1],M)× C∞loc(R, (0,∞))-topology to y.
Proof. Note that σν is uniformly bounded and therefore wν satisfies a perturbed
Cauchy-Riemann equation of bounded energy with bounded perturbation. More-
over because yν lies in M0(β, µ0, µ1) its image is contained in the compact subset⋃
µ∈[0,1]
H−1µ
([− 1c , 1c ]) ⊂M.
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Because ω = dλ is exact and λ vanishes on the Lagrangians L0 and L1, there is
neither bubbling of holomorphic spheres nor holomorphic disks. The proposition
follows. 
Proposition 6.7. There exists δ2 > 0 with the following property. Assume that
µ0 ∈ [µ∞ − δ2, µ∞), µ1 ∈ (µ∞, µ∞ + δ2]
Then for every y = (w, σ) ∈M0(β, µ0, µ1) it holds that
|Hµ0+β(s)(µ1−µ0)(w(s, t))| <
1
2c
, ∀ s ∈ R, t ∈ [0, 1].
Proof. We argue by contradiction and assume instead that there exists sequences
µν0 < µ∞ and µ
ν
1 > µ∞ satisfying
(9) lim
ν→∞µ
ν
0 = µ∞ = lim
ν→∞µ
ν
1
such that there exists yν ∈M0(β, µν0 , µν1), sν ∈ R and tν ∈ [0, 1] such that
(10) |Hµν0+β(sν)(µν1−µν0 )(w(sν , tν))| ≥
1
2c
.
We consider the sequence of time-shifted gradient flow lines
(sν)∗yν(s) := yν(s+ sν), s ∈ R.
By the arguments in the proof of Proposition 6.6 and (9) there exists a subsequence
νj and a gradient flow line y of the Rabinowitz action functional
Aβ,µ∞,µ∞ = AHµ∞
such that (sν)∗yν converges to y. Note that in view of (9) and the fact that yν is
doubly asymptotic to the same chord, the energy
E
(
(sν)∗yν
)
= E
(
yν
)
=
∫ ∞
−∞
∣∣∣∣∂syν(s)∣∣∣∣2ds
converges to zero as ν goes to infinity. This implies that y = (w, σ) is just a constant
gradient flow line of the Rabinowitz action functional AH∞ , i.e., y is a critical point
and therefore has to be a chord in Ω. Because the sequence tν is contained in the
compact interval [0, 1] we can assume, maybe after going to a further subsequence,
that there exists t∞ ∈ [0, 1] such that
lim
j→∞
tνj = t∞.
Hence we infer from (10) that
|Hµ∞(w(t∞))| ≥
1
2c
.
This contradicts the fact that the image of the chord w is completely contained in
Σ∞ = H−1µ∞(0). The proof of the Proposition is finished. 
Choose δ1 > 0 as in Proposition 6.5 and δ2 > 0 as in Proposition 6.7 and set
δ3 := min{δ1, δ2}.
Proposition 6.8. Assume that µ∞ − δ3 < µ0 < µ∞ < µ1 < µ∞ + δ3 and suppose
that
(11) Bρ0(Ω) ∩ critAHµ0 = {(vµ0 , τµ0)}.
Then critAHµ1 ∩Bρ0(Ω) 6= ∅.
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Proof. Choose a smooth function γ ∈ C∞(R, [0, 1]) satisfying
γ′ ≥ 0, γ(s) = 0, s ≤ −1, γ(s) = 1, s ≥ 1.
Define a smooth one-parameter family of cutoff functions
βR ∈ C∞(R, [0, 1]), R ∈ [0,∞)
as follows
βR(s) =

Rγ(2 + s) R ∈ [0, 1], s ≤ 0,
Rγ(2− s) R ∈ [0, 1], s ≥ 0,
γ(1 + s+R) R ≥ 1, s ≤ 0,
γ(1− s+R) R ≥ 1, s ≥ 1.
We now consider the one-parameter family of moduli spaces
MR0 :=M0(βR, µ0, µ1), R ∈ [0,∞).
Claim: For every R ∈ [0,∞) the moduli space MR0 is nonempty.
In order to prove the Claim we consider the moduli space
NR :=
⋃
r∈[0,R]
Mr0 × {r}.
By assumption (11), gradient flow lines in NR cannot break. Therefore Proposi-
tion 6.5 and Proposition 6.7 combined with the proof of Proposition 6.6 show that
the moduli space NR is compact. After a small perturbation we can assume that
it is a one-dimensional manifold with boundary, where the boundary is given by
∂NR =M00 × {0} ∪MR0 × {R}.
The moduli spaceM00 consists of gradient flow lines of the time-independent Rabi-
nowitz action functional AHµ0 doubly asymptotic to the chord (vµ0 , τµ0). However,
because of time-independence such a gradient flow line has to be constant, i.e., is
just given by the chord (vµ0 , τµ0). Hence M00 consists just of a single point. Note
further that, because (vµ0 , τµ0) is non-degenerate, this boundary point of NR is
non-degenerate so that we actually do not need to perturb there to get a manifold
structure. However, a one dimensional manifold is a disjoint union of intervals and
circles. In particular, the number of boundary points is even. This proves that
MR0 6= ∅ and establishes the truth of the Claim.
Choose now a sequence Rν converging to infinity. By the claim there exist gra-
dient flow lines
yν ∈MRν0 .
By Proposition 6.5 and Proposition 6.7 combined with the proof of Proposition 6.6
there exists a subsequence νj and a gradient flow line y = (w, σ) of the Rabinowitz
action functional AHµ1 whose image is contained in Bρ0(Ω) and moreover the image
of w is contained in the compact subset
⋃
µ∈[0,1]H
−1
µ ([−1/c, 1/c]) ⊂M such that
lim
j→∞
yνj = y.
Now choose a sequence sν converging to infinity. Then there exists a subsequence
νj such that the sequence
y(sνj ) ∈ Bρ0(Ω)
converges to a critical point of AHµ1 . This finishes the proof of the Proposition. 
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Corollary 6.9. Under the assumptions of Proposition 6.8 there exists µ1 > µ∞
such that for every µ ∈ (µ∞, µ1) it holds that critAHµ ∩ U 6= ∅.
Proof. We argue by contradiction. In this case we can assume by Proposition 6.8
that there exists a sequence µν > µ∞ converging to µ∞ with the property that
critAHµν ∩Bρ0(Ω) 6= ∅, critAHµν ∩ U = ∅.
Hence we choose
yν ∈ critAHµν ∩Bρ0(Ω), yν /∈ U.
Because µν converges to µ∞ there exists a subsequence νj and a chord y ∈ Ω such
that
lim
j→∞
yνj = y.
However, in view of the continuity of the chord equation this implies that there
exists j0 ∈ N such that
yνj ∈ U, j ≥ j0.
This contradiction proves the Corollary. 
We are now in position to prove the main result of this section.
Proof of Theorem 6.1: By assumption of the Theorem and by Corollary 6.9 we
conclude that for µ ∈ (µ∞ − δ3, µ∞) it holds that
#(Bρ0(Ω) ∩ critAHµ) ≥ 2.
But then the same argument as in the proof of Corollary 6.9 implies that there
exists 0 < δ ≤ δ3 with the property that
#(U ∩ critAHµ) ≥ 2.
This finishes the proof of the Theorem. 
References
[1] P. Albers, U. Frauenfelder, Leaf-wise intersections and Rabinowitz Floer homology, J. Topol.
Anal. 2 (2010), no. 1, 77–98.
[2] P. Albers, U. Frauenfelder, O. van Koert, G. Paternain, Contact geometry of the restricted
three-body problem, Comm. Pure Appl. Math. 65 (2012), no. 2, 229–263.
[3] E. Belbruno, U. Frauenfelder, O. van Koert, A Family of Periodic Orbits in the Three-
Dimensional Lunar Problem, arXiv:1811.05897
[4] W. Cho, G. Kim, The circular spatial restricted 3-body problem, arXiv:1810.05796
[5] K. Cieliebak, U. Frauenfelder, A Floer homology for exact contact embeddings Pacific J.
Math. 239 (2009), no. 2, 251–316.
[6] U. Frauenfelder, O. van Koert, The Restricted Three-Body Problem and Holomorphic Curves,
Springer Verlag, Pathways in Mathematics, 2018.
[7] J. Kang, Some remarks on symmetric periodic orbits in the restricted three-body problem,
Discrete Contin. Dyn. Syst. 34 (2014), no. 12, 5229–5245.
[8] W. Merry, Lagrangian Rabinowitz Floer homology and twisted cotangent bundles Geom. Ded-
icata 171 (2014), 345–386.
[9] P. Rabinowitz, Periodic solutions of Hamiltonian systems, Comm. Pure Appl. Math. 31
(1978), no. 2, 157–184.
[10] P. Saloma˜o, Convex energy levels of Hamiltonian systems, Qual. Theory Dyn. Syst. 4 (2003),
no. 2, 439–457 (2004).
